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Introduction  

Dear Gifted Students , 
This  is  the firs t s tage of the National Gifted Olympiad – Scientific Track (NSMO) . It marks  the 
beginning of a  training journey des igned to develop the mathematical thinking s kills  of 
s tudents  in Grade 9 and Grade 10. 
The competition cons is ts  of four successive stages . 
This  training package aims  to build a  s trong foundation in four main branches  of mathematics : 
Combinatorics, Geometry, Algebra, and Number Theory . 
It covers  topics  s uch as  counting us ing Venn diagrams and fundamental counting principles , 
properties  of triangles  and angles , integers  and factorization, as  well as  introductory concepts  
in number theory. 
Thes e topics  help develop s tudents ’ logical reas oning and mathematical analys is  s kills , 
enabling them to approach problems  creatively and s ys tematically. This  s tage s erves  as  their 
firs t gateway toward excellence in the upcoming s tages  of the competition. 
We wis h you continued creativity and s ucces s . 
Scientific Team of the National Gifted Olympiad – Scientific Track (NSMO) – Mathematics Track  
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1-  Integers and Their Properties  

1–1 Sets of Numbers:  
Set of Natural Numbers : 

𝑁𝑁 = {1,2,3, … } 
Set of Whole Numbers : 

𝑊𝑊 = {0,1,2,3, … } 
Set of Integers : 

𝑍𝑍 = {… ,−3,−2,−1,0,1,2,3, … } 
Integers  can be divided into three groups : 

● Pos itive integers . 

● Zero. 

● Negative integers . 
Note that the number +1 is  us ually written s imply as  1, meaning that the pos itive s ign is  
often omitted and not pronounced. On the other hand, the negative s ign is  written and 
pronounced. Als o note that zero is  neither pos itive nor negative. 

1–2 The Number Line: 

A number line is  us ed to illus trate the order of integers . 
As  we move to the right, the value of the integer increas es , and as  we move to the left, the 
value decreas es . 
This  means  that any pos itive integer is  greater than any negative integer, and zero is  
greater than any negative number but les s  than any pos itive number. 
For the numbers  5 and −5, each is  the additive invers e (or oppos ite) of the other. 
In general, for any integer a , its  oppos ite −a is  its  additive invers e, while zero is  the additive 
invers e of its elf. 
On the number line, an integer and its  additive invers e are repres ented by two points  that 
are the s ame dis tance from zero but on oppos ite s ides  of it. 
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1–3 The Absolute Value of an Integer:  
The abs olute value of an integer 𝑎𝑎 is  denoted by | 𝑎𝑎 | . 
For example: 

| 5 | = 5    ,    | −5 | = 5    ,    | 0 | = 0 
Geometrically, each integer is  repres ented by a point on the number line. 
The expres s ion | 𝑎𝑎 | repres ents  the dis tance between the point repres enting the integer 𝑎𝑎 
and the (zero) on the number line. 
In general, | 𝑎𝑎 − 𝑏𝑏 | repres ents  the dis tance between the points  repres enting the two 
integers  𝑎𝑎 and 𝑏𝑏. 

 
When finding the abs olute value of an a lgebra ic expres s ion, if the res ult is  negative, it is  
made non- negative by removing the negative s ign (−). 

1–4 Fundamental Rules of Addition, Subtraction, Multiplication, and Division:  
Commutative Property:  

● 𝑎𝑎 + 𝑏𝑏 = 𝑏𝑏 + 𝑎𝑎  

● 𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏 

Associative Property:  
● (𝑎𝑎 + 𝑏𝑏) + 𝑐𝑐 = 𝑎𝑎 + (𝑏𝑏 + 𝑐𝑐) 

● (𝑎𝑎𝑎𝑎)𝑐𝑐 = 𝑎𝑎(𝑏𝑏𝑏𝑏) 

Distributive Property:  
● 𝑎𝑎(𝑏𝑏 + 𝑐𝑐) = (𝑏𝑏 + 𝑐𝑐)𝑎𝑎 = 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 

● 𝑎𝑎(𝑏𝑏 − 𝑐𝑐) = (𝑏𝑏 − 𝑐𝑐)𝑎𝑎 = 𝑎𝑎𝑎𝑎 − 𝑎𝑎𝑎𝑎 

Closure Property:  
The clos ure property holds  for addition , subtraction , and multiplication , but not for division . 
For any two integers  𝑎𝑎 and 𝑏𝑏, the res ults  of 𝑎𝑎 + 𝑏𝑏, 𝑎𝑎 − 𝑏𝑏, and 𝑎𝑎 × 𝑏𝑏 are always  integers . 
However, 𝑎𝑎 ÷ 𝑏𝑏 is  not necessarily  an integer. 

 

Additive Identity Pro perty:  
For any integer 𝑎𝑎 ∈ 𝑍𝑍, the number 0 is  the additive identity, becaus e: 

● 𝑎𝑎 + 0 = 0 + 𝑎𝑎 = 𝑎𝑎 
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Additive Inverse Property:  
For every integer 𝑎𝑎 ∈ 𝑍𝑍, there exis ts  an integer −𝑎𝑎 ∈ 𝑍𝑍 s uch that: 

● 𝑎𝑎 + (−𝑎𝑎) = (−𝑎𝑎) + 𝑎𝑎 = 0 

1–5 Exponents: 
An exponent is  us ed to repres ent repeated multiplication. 
For example: 

2 × 2 × 2 = 23 
In general: 

𝑎𝑎𝑛𝑛 = 𝑎𝑎 × 𝑎𝑎 × 𝑎𝑎 ×. . .× 𝑎𝑎⏞𝑛𝑛 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 
Properties of Exponents (Powers):  
If 𝑥𝑥,𝑦𝑦 > 0 and 𝑚𝑚,𝑛𝑛 ∈ 𝑍𝑍, then: 

(1) 𝑥𝑥𝑚𝑚 ∙ 𝑥𝑥𝑛𝑛 = 𝑥𝑥𝑚𝑚+𝑛𝑛                        (2) 
𝑥𝑥𝑚𝑚

𝑥𝑥𝑛𝑛
= 𝑥𝑥𝑚𝑚−𝑛𝑛                        (3) (𝑥𝑥𝑚𝑚)𝑛𝑛 = 𝑥𝑥𝑚𝑚𝑚𝑚 

(4) (𝑥𝑥𝑥𝑥)𝑛𝑛 = 𝑥𝑥𝑛𝑛𝑦𝑦𝑛𝑛                           (5) �
𝑥𝑥
𝑦𝑦
�
𝑛𝑛

=
𝑥𝑥𝑛𝑛

𝑦𝑦𝑛𝑛
                          (6)𝑥𝑥0 = 1 

(7) 𝑥𝑥−1 =
1
𝑥𝑥

 
 

1–6 Rule for Removing Parentheses: 
For any two integers 𝑥𝑥 and 𝑦𝑦: 

(1) 𝑥𝑥 + (𝑦𝑦) = 𝑥𝑥 + 𝑦𝑦        ,       𝑥𝑥 + (−𝑦𝑦) = 𝑥𝑥 − 𝑦𝑦 
(2) 𝑥𝑥 − (𝑦𝑦) = 𝑥𝑥 − 𝑦𝑦        ,        𝑥𝑥 − (−𝑦𝑦) = 𝑥𝑥 + 𝑦𝑦 

(3) 𝑥𝑥(−𝑦𝑦) = (−𝑥𝑥)𝑦𝑦 = −𝑥𝑥𝑥𝑥      ,      (−𝑥𝑥)(−𝑦𝑦) = 𝑥𝑥𝑥𝑥 
 

(4) {(−1)𝑛𝑛 = −1    𝑖𝑖𝑖𝑖 𝑛𝑛 𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎 𝑜𝑜𝑜𝑜𝑜𝑜 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖.   (−1)𝑛𝑛 = 1       𝑖𝑖𝑖𝑖 𝑛𝑛 𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖.  
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Examples : 

(1) Find the value of each expres s ion: 
𝑎𝑎) (−2) + 12 =                       𝑏𝑏) (−3) + (−6) + 5 =                𝑐𝑐) − 3 − 11 − 31 = 
𝑑𝑑) (−5) × (−4) =                   𝑒𝑒) (−4) × 8 =                                  𝑓𝑓) (−1) × 2 × 2 = 

Solution: 
𝑎𝑎) (−2) + 12 = 10 
𝑏𝑏) (−3) + (−6) + 5 = [(−3) + (−6)] + 5 = (−9) + 5 = −4  
𝑐𝑐) − 3 − 11 − 31 = −(3 + 11 + 31) = −45 
𝑑𝑑) (−5) × (−4) = 20 
𝑒𝑒) (−4) × 8 = −32 
𝑓𝑓) (−1) × 2 × 2 = −4 
 

(2) Find the value of each expres s ion: 
𝑎𝑎) |−2| + (−2) =                                                             𝑏𝑏) (−3)2 − 3 = 

𝑐𝑐) (𝑎𝑎2)3 × 𝑎𝑎3 =                                                                𝑑𝑑) 
𝑥𝑥3 ×  𝑥𝑥
𝑥𝑥2

= 
 

 

Solution: 

𝑎𝑎) | − 2| + (−2) = 2 − 2 = 0 𝑏𝑏) (−3)2 − 3 = 9 − 3 = 6 𝑐𝑐) (𝑎𝑎2)3 × 𝑎𝑎3 = 𝑎𝑎6 × 𝑎𝑎3 = 𝑎𝑎9 𝑑𝑑) 
𝑥𝑥3 × 𝑥𝑥
𝑥𝑥2

=
𝑥𝑥4

𝑥𝑥2
= 𝑥𝑥2  

 

(3) Simplify:3𝑎𝑎 + {−4𝑏𝑏 − [4𝑎𝑎 − 7𝑏𝑏 − (−4𝑎𝑎 − 𝑏𝑏)] + 5𝑎𝑎} 

Solution: 
3𝑎𝑎 + {−4𝑏𝑏 − [4𝑎𝑎 − 7𝑏𝑏 − (−4𝑎𝑎 − 𝑏𝑏)] + 5𝑎𝑎} = 3𝑎𝑎 + {−4𝑏𝑏 − [4𝑎𝑎 − 7𝑏𝑏 + 4𝑎𝑎 + 𝑏𝑏] + 5𝑎𝑎} 

                    = 3𝑎𝑎 + {−4𝑏𝑏 − [8𝑎𝑎 − 6𝑏𝑏] + 5𝑎𝑎} 
                      = 3𝑎𝑎 + {−4𝑏𝑏 − 8𝑎𝑎 + 6𝑏𝑏 + 5𝑎𝑎} 
                      = 3𝑎𝑎 + {2𝑏𝑏 − 3𝑎𝑎} 
                      = 2𝑏𝑏 + (3𝑎𝑎 − 3𝑎𝑎) 
                      = 2𝑏𝑏 
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Exercises: 
(1) Find the value of each expres s ion: 

𝑎𝑎) (−4) + 9 =                                                            𝑔𝑔) (−4) × (−8) = 
𝑏𝑏) − 42 ÷ 7 =                                                            ℎ)  − 8 − (−5) = 
𝑐𝑐) (2)5 =                                                                      𝑖𝑖) − 1 − 4 + 7 = 
𝑑𝑑) (−4)3 =                                                                  𝑗𝑗)  2 × 4 + 6 × 5 = 

𝑒𝑒) (−5)2 =                                                                  𝑘𝑘) |−6| = 
𝑓𝑓) |0| =                                                                        𝑚𝑚)|−3| − |−7| = 

 
 

(2) Find the value of each expres s ion: 
𝑎𝑎)  𝑎𝑎2  ×  𝑎𝑎5 =                                                            𝑑𝑑) (𝑥𝑥2)3 × (𝑥𝑥4)5 = 

𝑏𝑏)  𝑥𝑥7  ÷  𝑥𝑥3 =                                                            𝑒𝑒) 
𝑎𝑎3 × 𝑎𝑎7

𝑎𝑎2 × 𝑎𝑎6
= 

𝑐𝑐) (𝑎𝑎3)4 =                                                                   𝑓𝑓) 
𝑎𝑎4 × 𝑎𝑎5

𝑎𝑎3 × 𝑎𝑎6
= 

 
 

(3) Compute: 
𝑎𝑎) (−7) + (−12) − (−14) − (−15) − (−18) − (−38) 

𝑏𝑏) (−5)2 + |−6| − (−1)1447 
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Challenge Problems: 

(1) Compute: 
−1 − (−1)1 − (−1)2 − (−1)3 − ⋯− (−1)99 − (−1)100 

 
(2) Find the value of: 

1234 × 9999 = ⋯ 
 
(3) Simplify: 

5{(2𝑎𝑎 − 3) − [7(4𝑎𝑎 − 1) − 20]} − (3 − 8𝑎𝑎) 
 
(4) A s atellite completes  one full orbit around the Earth every 7 hours . 
How many times  will the s atellite orbit the Earth in one week? 
 
(5) Six fair dice were rolled. The s um of the numbers  s hown on all s ix faces  is  32. 
What is  the s malles t pos s ible number that could appear on one of the dice? 
 
(6) Compute: 

1 − 2 + 3 − 4+. . .−100 + 101 
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2- Rational Numbers 𝑄𝑄 
A rational number is  any number that can be written in the form 

𝑎𝑎
𝑏𝑏

 

where 𝑎𝑎 and 𝑏𝑏 are integers , and 𝑏𝑏 ≠ 0. 
The number 𝑎𝑎 is  called the numerator, and 𝑏𝑏 is  called the denominator. 
From this  definition, we can conclude that every integer is  a  rational number. 
For example: 

0 =
0
1

,−4 =
−4
1

, 5 =
5
1

 

Als o, the mixed number 

5
1
2

=
11
2

 

is  a  rational number becaus e it can be written as  a  fraction. 
And s o on... 
Terminating decimals  are rational numbers . For example: 

0 ⋅ 3 =
3

10
 , 1.7 =

17
10

 , 2.03 =
203
100

 

Non- terminating decimals  are of two types : 
Repeating decimals : 

0.333 … = 0. 3 ,    0.521521521 … = 0. 521 
Thes e are rational numbers  becaus e their digits  repeat in a  predictable pattern. 
Non- repeating decimals : 

0.345674215677589 … 
Thes e are irrational numbers , becaus e their digits  continue infinitely without any repeating 
pattern. 
Note: 
The number pi (π) is  an irrational number. 

It is  approximately equal to 3.14, or s ometimes  repres ented as  22
7

 
which is  only an approximation. 
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2–1 Properties of Addition and Subtraction of Rational Numbers 

The properties  of addition for rational numbers  are the s ame as  those for integers . 
But wait—when adding or s ubtracting two rational numbers , why do we always  hear that we 
mus t “find a common denominator”? Let’s  explore this  ques tion. 
Actually, the ans wer is  not as  s imple as  it s eems . Let’s  take a clos er look. 
We all know that the s um of three camels  and five camels  is  eight camels . In genera l: 

3𝑥𝑥 + 5𝑥𝑥 = 8𝑥𝑥 
where the s ymbol 𝑥𝑥 repres ents  the same quantity . 
Now, s uppos e we divide a pizza into s even equal and identica l parts . Each part is  called one-
seventh and is  written as : 

1
7

 

However, when we us e s ymbols , things  may appear different: 
 

2 �
1
7
� + 3 �

1
7
� = 5 �

1
7
� 

Since 2 �1
7
� can be written as  2

7
, we can expres s  the equation in a  s impler form: 

2
7

+
3
7

=
5
7

 

Here, we added numerators  becaus e the denominators are the  same. 
(Notice that many s tudents  mis takenly try to add denominators  as  well — but denominators  
mus t remain the s ame!) 
By s imilar reas oning, you can conclude that s ubtracting two rational numbers  als o requires  the 
same denominator . 
But what if the denominators  are different ? 
How do we add or s ubtract rational numbers  then? 
We’ll s oon find the ans wer after s tudying the next property of rational numbers . 
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2–2 The Property of Equivalent Rational Numbers 

If  𝑎𝑎
𝑏𝑏
 is  a  rational number and 𝑘𝑘 is  a  nonzero integer, then: 

𝑎𝑎
𝑏𝑏

=
𝑎𝑎 ⋅ 𝑘𝑘
𝑏𝑏 ⋅ 𝑘𝑘

=
𝑎𝑎 ÷ 𝑘𝑘
𝑏𝑏 ÷ 𝑘𝑘

 

This  means  that a  rational number can be written in many equivalent forms . 
For example: 

1
2

=
2
4

=
3
6

=
5

10
= ⋯

18
24

=
9

12
=

3
4

 

A rational number whos e numerator and denominator have no common factor (other than 1) is  
s aid to be in simplest form . 
 

The s imples t form of a rational number is  the mos t convenient to use in calculations . 
Therefore, it is  always  recommended to expres s  any rational number in its  s imples t form. 
Notice: Now You Can Add Two Rational Numbers with Different Denominators!  
For example, when adding 

2
3

+
1
5

 

we firs t look for a  common multiple  of the denominators  3 and 5 (preferably the leas t common 
multiple). 
It is  eas y to s ee that 15 is  a  multiple of both 3 and 5. 
Now, we rewrite the fractions  as  equivalent fractions  with a  common denominator: 

2 × 5
3 × 5

+
1 × 3
5 × 3

 

That is , 
2
3

+
1
5

=
10
15

+
3

15
 

and this  equals  
13
15

 

 
Subtraction is  handled in the same way as  addition.  
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2–3 Definition of Multiplication and Division in Rational Numbers:  
 
How do we multiply two rational numbers , and what does  that mean? 
For example, when we ask, “What is half of 100?” you immediately answer 50 — as if you 
divided 100 by 2. 
Now, if we ask, “What is three halves of 100?” it’s not difficult to find the answer: you first 
divide by 2, then multiply the result by 3. 
Let’s ask a more complex question:  

What is  three halves  of the number  1
7
 ? 

We need to divide the number by 2, and then multiply the res ult by 3. 

But what is  the res ult of dividing  1
7
 by 2? 

1
7

=
2

14
= 2(

1
14

) 

So, if the res ult of dividing 1
7
 by 2 is  1

14
 (that is , only the denominator is  multiplied by 2), then 

multiplying by 3 means  making three copies  of that res ult: 

3(
1

14
) =

3
14

 

Let’s  expres s  what we found s ymbolically: 

100 ×
3
2

= 50 × 3 = 150 

Similarly, 
1
7

×
3
2

=
1 × 3
7 × 2

=
3

14
 

In general, if  𝑎𝑎
𝑏𝑏
 and 𝑐𝑐

𝑑𝑑
 are two rational numbers , then: 

𝑎𝑎
𝑏𝑏

×
𝑐𝑐
𝑑𝑑

=
𝑎𝑎 × 𝑐𝑐
𝑏𝑏 × 𝑑𝑑

 
 

Fina lly, s ince divis ion is  the invers e operation of multiplication, we can jus tify the following 
definition: 
If  𝑎𝑎

𝑏𝑏
 and 𝑐𝑐

𝑑𝑑
 are two rational numbers , then: 

𝑎𝑎
𝑏𝑏

÷
𝑐𝑐
𝑑𝑑

=
𝑎𝑎
𝑏𝑏

×
𝑑𝑑
𝑐𝑐

=
𝑎𝑎𝑎𝑎
𝑏𝑏𝑏𝑏
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2- 4 Properties of Multiplication of Rational Numbers:  
 

1. Closure Property:  
The product of any two rational numbers  is  als o a rational number. 

2. Commutative Property:  

Changing the order of the factors  does  not change the product. 
𝑎𝑎
𝑏𝑏

×
𝑐𝑐
𝑑𝑑

=
𝑐𝑐
𝑑𝑑

×
𝑎𝑎
𝑏𝑏

 

3. Associati ve Property: 

The way the factors  are grouped does  not affect the product. 
 

4. Multiplicative Identity:  

The number 1 is  the multiplicative identity becaus e multiplying any rational number by 1 does  
not change its  va lue. 

5. Multiplicative Inverse:  

For every non- zero rational number 𝑎𝑎
𝑏𝑏
, there exis ts  a  number 𝑏𝑏

𝑎𝑎
 called its  multiplicative inverse , 

s uch that: 
𝑎𝑎
𝑏𝑏

×
𝑏𝑏
𝑎𝑎

=
𝑏𝑏
𝑎𝑎

×
𝑎𝑎
𝑏𝑏

= 1 

 
6. Distributive Property of Multiplication over Addition and Subtraction  
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2- 5 Writing a Repeating Decimal as a Rational Number 
 

Example: 

 

Write the repeating decimal 0. 7 as  a  rational number. 
 

Solution: 

Let 
𝑥𝑥 = 0.7‾ = 0.7777 … 

Multiply both s ides  by 10: 
10𝑥𝑥 = 7.7777 … = 7 + 0.7777 … 

Now we can write: 
10𝑥𝑥 = 7 + 𝑥𝑥 

Subtract 𝑥𝑥from both s ides : 
9𝑥𝑥 = 7 

Finally, divide both s ides  by 9 to find: 

𝑥𝑥 =
7
9

 
 
 

Practice:  
Write the repeating decimal 0. 17 as  a  rational number. 
Hint:  Follow the same steps as in the example, but this time you will need to multiply 
by 100 instead of 10.  
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A Quick Method for Writing a Repeating Decimal as a Rational Number 

(The proof is  not difficult.) 
We can write a  repeating decimal as  a  fraction directly, provided tha t the repeating part s tarts  
immediately after the decimal point. 
To do this , place the repeating digits  in the numerator, and write as  many nines  in the 
denominator as  there are repeating digits . 
For example: 

0. 7 =
7
9

, 0. 73 =
73
99

, 0. 732 =
732
999

,      ��� �� ��. 

This method can also be extended to write any other repeating decimal as a rational number. 
For example: 

0.17 = 0.1 + 0.07 =
1

10
+

1
10

×
7
9

=
1

10
+

7
90

=
9

90
+

7
90

=
16
90

=
8

45
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Exercises: 
(1) Find the value of each of the following:  

(𝑎𝑎) 
2
5

+
1
6

=                                                   (𝑓𝑓) 
1
9
−

1
10

= 

(𝑏𝑏) 
1
2
−

1
3

=                                                  (𝑔𝑔) (−3) ÷ 4 × 6 ÷ (−5) = 

(𝑐𝑐) 
−3
8

×
4
9

=                                                (ℎ) 
−6
35

÷
2
7

= 

(𝑑𝑑) 
−3
5
− �−

1
2
�                                            (𝑖𝑖) �

−1
2
�
5

= 
(𝑒𝑒) 1 ÷ 3 ÷ 4 ÷ 5 = 

 

(2) Write each of the following repeating decimals as a rational number:  
𝑎𝑎) 0. 2                                        𝑏𝑏) 0. 37                                     𝑐𝑐) 1.823 

 

(3) Majed claims  that dividing by an integer is  equivalent to multiplying by its  
multiplicative invers e. 
Can you prove or dis prove this  claim? 

 

(4) Saleh claims  that between any two rational numbers , there is  always  another 
rational number. 
He als o s tates  that this  property is  called the density of rational numbers . 
Can you give an example that s upports  his  claim, or provide a counterexample if you 
think otherwis e? 

 

(5) Arrange the following numbers  in as cending order: 

−0.3  ,−0.23  ,−
1
3

 

 
  



 
 
 
 
 

 
 
 
 

 

 

 

 
@mawhiba | mawhiba.sa 

P.O.Box 700 Riyadh 11421 
Kingdom of Saudi Arabia Tel: +966 920014025 

19 

Challenge Problems: 
(1) Find a fraction that is  greater than 𝟏𝟏

𝟔𝟔
 and les s  than 𝟏𝟏

𝟑𝟑
, with a  denominator of 15. 

(2) Saad divided a number 𝑵𝑵 by 8 and got 0.25 , while Khaled multiplied the s ame number 𝑵𝑵 by 8.   
What res ult will Khaled obtain? 

(3) Haitham went jogging outs ide his  hous e. He has  already completed 𝟑𝟑
𝟓𝟓
 of the s econd half of his  

route.   What fraction of the entire route has  he completed? 

(4) Compute:(𝟏𝟏 − 𝟏𝟏
𝟐𝟐
) + (𝟏𝟏

𝟐𝟐
− 𝟏𝟏

𝟑𝟑
) + (𝟏𝟏

𝟑𝟑
− 𝟏𝟏

𝟒𝟒
)+. . . +(𝟏𝟏

𝟗𝟗
− 𝟏𝟏

𝟏𝟏𝟏𝟏
) 

(5) Compute: 
𝟏𝟏
𝟐𝟐
⋅ 𝟐𝟐
𝟑𝟑
⋅ 𝟑𝟑
𝟒𝟒
⋅ 𝟒𝟒
𝟓𝟓
⋅⋅⋅⋅⋅ 𝟕𝟕𝟕𝟕

𝟖𝟖𝟖𝟖
 

(6) Adel has  a  card containing 14 digits . If the s um of any 3 cons ecutive digits  (s tarting from the 
left) is  20, he wrote down the digits  on his  card as  s hown below. What number s hould be written in 
the s quare labeled A? 

4  7         7  𝐴𝐴 
 

(7) Today is  the birthday of Laila and her two daughters , Shahd and Amal. 
Laila  is  32 years old, Shahd is  4 years old, and Amal is  1 year old. 
How old will Laila be when her age becomes  equal to the sum of Shahd’s and Amal’s ages? 

 

(8) My uncle lives  far away in an is olated place, and his  letters  to us  always  contain riddles .  In one 
of his  letters , he told us  that there are three local teams  in his  area: the Ants (A) , the Bees (B), and 
the Cats (C). Each year, they play a local league, where every team plays  agains t each of the others  
at most once .The league table for this  year began as  follows : 

Team Played Won Drawn Los t Goals  For Goals  Agains t 
A 1 0 0 1 4 2 
B 2 1 1 0 2 2 
C 2 1 0 1 3 1 

 

When we pointed out that thes e numbers  were impos s ible, my uncle admitted that every number in 
the  

table was incorrect ,  but that each number should either have 1 added to it or 1 subtracted from it > 
Find the correct table , and expla in clearly how you deduced your results . 
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3- Linear Equations in One Variable 
To s olve a linear equation in one variable, follow the s teps  below in an organized way: 
1. Eliminate the denominators (if any) 
If the equation contains fractions, multiply each term by the Least Common Multiple (LCM) of 
the denominators to eliminate them.  
2. Remove the parentheses 
Use the distributive property  to simplify the parentheses.  
Example: 

2(𝑥𝑥 + 3) = 2𝑥𝑥 + 6 
3. Transpose the terms  
Move all terms  containing the variable to one s ide of the equation and all cons tants  to the 
other s ide according to the following rule: 
When moving a term from one s ide of the equation to the other, its  sign changes, while the 
terms  that remain on the s ame s ide keep their s igns . 
4. Combine like terms  
After trans pos ing, s implify the equation to get it in the form: 

𝑎𝑎𝑎𝑎 = 𝑏𝑏 
where  𝑎𝑎 and 𝑏𝑏 are cons tants . 
5. Divide by the coefficient of the variable  
Divide both s ides  by 𝑎𝑎 (the coefficient of the variable) to find the s olution: 

𝑥𝑥 =
𝑏𝑏
𝑎𝑎

 

Special Cases 

● If 𝑎𝑎 = 0 and 𝑏𝑏 ≠ 0, there is no solution . 

● If 𝑎𝑎 = 0 and 𝑏𝑏 = 0, any real number is  a  s olution to the equation. 

6. Verify the solution  
Subs titute the obtained value of the variable into the original equation . 
If both s ides  are equal, the s olution is  correct. 
If not, an error occurred in the s teps . 
Note: 
Sometimes  we do not obtain an exact numerical s olution; in s uch cas es , we find the 
approximate  value of the s olution. 
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Example: 

 
 
Solution:  

𝑎𝑎) 𝑥𝑥 = 1                                                       𝑏𝑏) 𝑥𝑥 = 11                                      𝑐𝑐) 𝑥𝑥 = 7 
  

Solve the equation: 
𝑎𝑎) 𝑥𝑥 + 3 = 4                                             𝑏𝑏) 𝑥𝑥 − 2 = 9                                      𝑐𝑐) 7𝑥𝑥 = 49 
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Exercises: 
(1) Solve the following equations:  

𝑎𝑎) 𝑥𝑥 + 3 = 4                                             𝑏𝑏) 𝑥𝑥 − 2 = 9                                      𝑐𝑐) 7𝑥𝑥 = 49𝑑𝑑)
𝑥𝑥
3

= 6                                                     𝑒𝑒) 2𝑥𝑥 − 1 = 19                                𝑓𝑓) 4𝑥𝑥 − 4
= 𝑥𝑥 + 11𝑔𝑔) 9(𝑥𝑥 − 1) = 7(𝑥𝑥 + 1) 

 

(2) Solve the equation:  
1
7

(5𝑥𝑥 + 2) = 1 
 

(3) Solve the equation:  
1
2
�
1
7

(5𝑥𝑥 − 1)� + 5 = 6 
  

(4) Word Problems  Solved Us ing Linear Equations : 
a) If 7% of a  certain number equals  56, find the number? 
b) The s um of four cons ecutive natura l numbers  is  50. Find the larges t number? 
c) Two natural numbers  are in the ratio 2: 3, and their difference is  14. What is  the s maller 

number? 
d) Ahmad bought a  computer at a  35% dis count off its  original price and paid 1300 riyals . 

What was  the original price of the computer? 
e) Mohammed bought a  car and later s old it for 46,000 riyals , making a profit of 15%. 

What was  the purchas e price of the car? 
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Challenge Problems: 
(1) A train was  obs erved moving at a  cons tant s peed. It took 1 minute to completely pas s  
through a tunnel that is  120 meters  long.If the train, moving at the s ame cons tant s peed, 
takes  20 s econds  to completely pas s  a  s ignal pos t, find the length of the train. 
(2) A jar contains  red and white ba lls  in the ra tio 1 : 4. 
When Saad replaces  2 white balls  with 7 red balls , the ratio of red balls  to white balls  
becomes  2 : 3. 
What is  the ratio of the total number of balls  now to the total number of balls  originally? 
(3) Laila gave birth to her firs t child on her 20th birthday. 
Her s econd child was  born exactly two years  later, and her third child was  born exactly two 
years  after that. 
At what age will the s um of her children's  ages  equal her own age? 
(4) A bas ket contains  apples  and oranges . 
The ratio of apples  to oranges  in the bas ket is  3 : 8. 
After one apple is  taken out of the bas ket, the ratio of apples  to oranges  becomes  1:3. 
How many oranges  are there in the bas ket? 
(5) The arithmetic mean of s ix numbers  is  4. 
When a s eventh number is  added, the new mean becomes  5. 
Find the s eventh number. 
(6) A coach was  buying 17 s occer balls  for his  club. 
The price of one ball was  481 riya ls . 
The s eller told him, “You need to pay 10,177 riyals  for all the balls .” 
How could the coach s us pect that he was  being overcharged without performing any 
complicated ca lculations ? 
(7) The s um of two numbers  was  multiplied by their product. 
Could the res ult be 20042401? 
If s o, give an example. If not, explain why. 
(8) Suad wrote a  vertical addition problem in which a ll the digits  were different. 

After s he proudly s howed it to her brother, he accidentally s pilled ink on her notebook, 

covering s ome of the digits . 

Can you help Suad rewrite the correct addition problem? 
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(9) Color five s quares  in the figure below s o that the remaining part can be divided into five 

congruent pieces .(Providing one example is  enough to ans wer the ques tion.) 

 
(10) A farmer bought three cows . Now each day he gets : 

● From the first cow: 2 liters  of milk. 

● From the second cow: Half the amount of milk obtained from the third cow plus  the 

s ame amount obtained from the firs t cow. 

● From the third cow: Half of the total amount of milk obtained from all three cows . 

How many liters  of milk does  the farmer get in total each day? 
 

(11) Color s ix s quares  in the grid below black s o that it becomes  
impos s ible to find any white s trip of s ize 1 × 6 or any white s quare of 
s ize 3 × 3 after coloring.  

 

(12) In the figure below, the addition of three numbers  is  s hown. 
Each letter repres ents  one of the digits  from 0 to 9 and s tands  for the 
s ame digit each time it appears . Different letters  repres ent different 
digits . The leftmos t digit of the res ult is  not 0. 
Find all possible values of the sum.  
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Second Unit: Geometry 
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1- Points, Lines, and Angles 
Geometry s tarts  with three s imple objects : points , lines , and angles . They are s o s imple that 
you already s ee them every day, but s o powerful that they can build entire worlds . Let us  s tart 
s lowly and make friends  with them. 
 
 

Definitions:  

Definition 1.1  
A line is  a  perfectly s traight path that extends  without end in both directions . It has  no 
thicknes s  and no boundaries .  
 

 

Definition 1.2  

A ray begins at one point (called its endpoint) and extends forever in one direction. It is like 
a flashlight beam: it starts at the bulb and travels infinitely forward.  

 
 

 

Definition 1.3  

A segment is the part of a line between two points. It has a beginning and an end, just like 
a stick you can hold. 
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Definition 1.4  

An angle is formed when two rays meet at a common endpoint (the vertex). Angles can be 
measured in two directions: clockwise (CW) and counterclockwise (CCW). To avoid 
confusion, mathematicians usually use CCW as the “positive” direction.  

 
Types of angles: 

Acute: les s  than 90∘ (s harp like a  needle). 

Right: exactly 90∘ (corner of a  book). 

 
Obtuse: between 90∘ and 180∘ (wide and open). 

 

Straight : exactly 180∘ (a  line). 

 
Complementary : two angles  adding up to 90∘. 
Supplementary : two angles  adding up to 180∘. 
Adjacent : angles  s haring a vertex and a s ide. 

 
Vertical: oppos ite angles  formed when two lines  cros s ; they are always  equal. 
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Definition 1.5  

An angle bisector is a ray that divides an angle into two equal smaller angles. It is the “fair 
splitter” of angles. 

 

 

Definition 1.6  

Two lines are parallel if they never meet, no matter how far they are extended. 

   
 

Definition 1.7  

A transversal cuts across another figure (such as a circle), touching it at two points.  
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Definition 1.8  

When a line (called a transversal) crosses parallel lines, many special angles appear: 

 

Corresponding angles : s ame s ide, s ame pos ition. (like ∠1 𝑎𝑎𝑎𝑎𝑎𝑎 ∠5 
or ∠2 𝑎𝑎𝑎𝑎𝑎𝑎 ∠6) 

Alternate interior angles:  oppos ite s ides  of the trans vers al, 
between the parallels . (like ∠3 𝑎𝑎𝑎𝑎𝑎𝑎 ∠5 or ∠2 𝑎𝑎𝑎𝑎𝑎𝑎 ∠8) 

Alternate exterior angles:  oppos ite s ides  of the trans vers al, 
outs ide the parallels . (like ∠1 𝑎𝑎𝑎𝑎𝑎𝑎 ∠7 or ∠4 𝑎𝑎𝑎𝑎𝑎𝑎 ∠6) 

Consecutive interior angles : s ame s ide of trans vers al, between the parallels . (like 
∠2 𝑎𝑎𝑎𝑎𝑎𝑎 ∠5 or ∠3 𝑎𝑎𝑎𝑎𝑎𝑎 ∠8) 

Theorem 1: If two lines  are parallel, then corres ponding angles  are equal. 

Theorem 2: If corres ponding angles  are equal, then the lines  are parallel. 
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Example 

On the provided figure, lines  𝑚𝑚,𝑛𝑛 are para llel. And 𝑘𝑘 is  a  
travers al line. We have a meas ure of one angle as  
s hown.  
Find the meas ure of the angles :  

∠𝑎𝑎,∠𝑏𝑏,∠𝑐𝑐,∠𝑑𝑑,∠𝑒𝑒,∠𝑓𝑓,∠𝑔𝑔 
 

 

 

 

Solution:   
Since 𝑚𝑚,𝑛𝑛 are parallel, we have the following meas ures :  
 

∠𝑎𝑎 = 124°   corres ponding angle 

∠𝑏𝑏 = 56°    s upplementary to ∠𝑎𝑎  

∠𝑐𝑐 = 124°   vertical angle to ∠𝑎𝑎 

∠𝑑𝑑 = 56°    s upplementary to ∠𝑎𝑎 

∠𝑒𝑒 = 12      corres ponding to angle ∠𝑏𝑏 

∠𝑓𝑓 = 124°  corres ponding to angle ∠𝑐𝑐 

∠𝑔𝑔 = 56°    corres ponding to angle ∠𝑑𝑑 
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Exercises 

(1) On the figure below, find all pairs  of para llel lines  in each of the following cas es : 

a) ∠1 ≃ ∠4 
b) ∠2 ≃ ∠10 
c) ∠5 ≃ ∠7 
d) ∠5 ≃ ∠8 
e) ∠6 ≃ ∠9 = 90∘ 
f) ∠6 ≃ ∠3 = 90∘ 
g) ∠7 ≃ ∠10 ≃ ∠1 

 

(2) In the following figures , find the parallel lines  and determine which angles  were 
us ed to s how that they are parallel: 

                                  
 

 

 

 

 
 

(3) In the following figures , find the meas ure of the unknown angles : 

 

 

 

 
 

 

(4) In the following figure, we have 𝐴𝐴𝐴𝐴 ∥ 𝐷𝐷𝐷𝐷. 
And 𝐸𝐸𝐸𝐸  bis ects  ∠𝐵𝐵𝐵𝐵𝐵𝐵. Find the meas ure of 
∠𝐵𝐵𝐵𝐵𝐵𝐵,∠𝐷𝐷𝐷𝐷𝐷𝐷. 
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(5) In the following figure, Find the meas ure of ∠𝑑𝑑. 

 

                          

 

(6) In the following figure, Find the meas ure of 
∠𝑅𝑅𝑅𝑅𝑅𝑅. 
(Hint, draw a line pas s ing through 𝑆𝑆 and parallel to 
lines  𝑅𝑅𝑅𝑅,𝑇𝑇𝑇𝑇.) 

 
 

(7) In the following figure, we have 𝐵𝐵𝐵𝐵�����⃗ ∥ 𝐸𝐸𝐸𝐸�����⃗ ֿ  find the 
meas ure of ∠𝐶𝐶𝐶𝐶𝐶𝐶. 

 

                          

 

 
 

 

(8) In the following figures , find the meas ure of ∠𝑥𝑥:  
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2- Triangles  
 
Triangles  are one of the core s hapes  in geometry and is  a  s pecial 
cas e of polygons .  

 

The s ymbol △ is  us ually us ed to denote a  triangle. The triangle is  
built us ing three different s egments . The three vertices  connecting the s egments  are us ually 
called 𝐴𝐴,𝐵𝐵,𝐶𝐶 and the three segments  are called s ides  and us ually denoted by 𝐴𝐴𝐴𝐴, 𝐵𝐵𝐵𝐵, 𝐶𝐶𝐶𝐶. 
Finally, the three angles  of the triangle are denoted by ∠𝐴𝐴 , ∠𝐵𝐵 , ∠𝐶𝐶. 
 
 

Acute Triangle Right Triangle Obtus e Triangle 

   

a ll angles  les s  than 90∘ one angle is  exactly 90∘ one angle greater than 90∘ 
 The s ide oppos ite to the  90∘ angle 

is  called the hypotenus e while 
both of the other s ides  adjacent to 
the  90∘ angle are called 
bas es / legs  

 

Scalene Triangle   Is os celes  Triangle  Equilateral Triangle  
   

a ll three s ides  different two equal s ides  all three s ides  equal 
 The two angles  oppos ite to the 

equal s ides  are als o equal. 
The two equal s ides  are called 
legs  while the third s ide is  called 
the bas e. 

In this  cas e, all angles  are 
equal to  60∘  
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Theorem: 

The three interior angles  of any triangle add up to 180∘. 

Proof . To prove that, draw a line pas s ing through a vertex parallel to the s ide 
oppos ite to that vertex. Since angles  ∠1,∠2,∠3 lie on a s traight line, they s um up to 
180∘. Finally, notice that ∠1 ≃ ∠4 and ∠3 ≃ ∠5 by alternate interior angles . Therefore 
∠2 + ∠4 + ∠5 = 180∘. 

 
 

 

 

From this  theorem, many facts  follow natura lly: 

● Extending one s ide forms  an exterior angle, which 
equals  the s um of the two non- adjacent interior 
angles . 

● If two angles  are equal, the oppos ite s ides  are 
equal, and vice vers a.  

● A triangle can have at mos t one right or one obtus e angle. 

● In a  right triangle, the other two angles  are acute and together add up to 90∘. 

 

 
  



 
 
 
 
 

 
 
 
 

 

 

 

 
@mawhiba | mawhiba.sa 

P.O.Box 700 Riyadh 11421 
Kingdom of Saudi Arabia Tel: +966 920014025 

35 

Exercises 

(1) Us ing the adjacent figure, calculate the following angles : 

1. If ∠1 = 40∘,∠2 = 60∘, then find ∠6. 
2. If ∠1 = 45∘,∠3 = 70∘, then find ∠5. 
3. If ∠2 = 50∘,∠3 = 65∘, then find ∠4. 
4. If ∠4 = 135∘,∠2 = 60∘, then find ∠3.  
5. If ∠5 = 120∘,∠1 = 40∘, then find ∠3. 
6. Find ∠4 + ∠5 + ∠6 

 

 

In (2 − 5) find the value of 𝑥𝑥 from the given figure: 
 

(3) 
 

(2)  

 

 
  

(5)  
 

(4)  
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 (7)  In the adjacent figure: A light ray exits  
from point 𝑆𝑆, reflects  at point 𝑃𝑃, and exits  in 
the direction of point 𝑇𝑇 s uch that 𝑅𝑅𝑅𝑅 is  
perpendicular to 𝑃𝑃𝑃𝑃. Find the value of 𝑥𝑥. 
  
 
 
 
 

 

(6)  In the adjacent figure: △𝑄𝑄𝑄𝑄𝑄𝑄 is  an 
equilateral triangle. 𝑄𝑄𝑄𝑄,𝑄𝑄𝑄𝑄 divides  ∠𝑃𝑃𝑃𝑃𝑃𝑃 into 
three equal parts . Find the meas ure of ∠𝑄𝑄𝑄𝑄𝑄𝑄. 
 

 

(9) in the adjacent figure: 𝐶𝐶𝐶𝐶 bis ects  ∠𝐴𝐴𝐴𝐴𝐴𝐴, 
and ∠𝐴𝐴𝐴𝐴𝐴𝐴 = 40∘, and ∠𝐵𝐵 = 70∘, and 𝐷𝐷𝐷𝐷 ∥
𝐵𝐵𝐵𝐵. Find the meas ures  of both of 
∠𝐸𝐸𝐸𝐸𝐸𝐸,∠𝐵𝐵𝐵𝐵𝐵𝐵. 

 
 

 (8) In the adjacent figure, lines  𝑅𝑅𝑅𝑅 ∥ 𝑃𝑃𝑃𝑃, and 
𝑇𝑇𝑇𝑇 = 𝑇𝑇𝑇𝑇, and ∠𝑆𝑆𝑆𝑆𝑆𝑆 = 110∘. Find ∠𝑄𝑄𝑄𝑄𝑄𝑄. 

 

 
  

(11) in the adjacent figure: The bis ector of 
∠𝐴𝐴𝐴𝐴𝐴𝐴 and the bis ector of ∠𝐴𝐴𝐴𝐴𝐴𝐴 inters ect at 
point 𝐷𝐷. If ∠𝐵𝐵𝐵𝐵𝐵𝐵 = 30∘, find the meas ure of 
∠𝐴𝐴. 

 
 
 

 (10) In the adjacent figure: find the value of 𝑥𝑥. 



 

 
   

@mawhiba | mawhiba.sa 
P.O.Box 700 Riyadh 11421 
Kingdom of Saudi Arabia Tel: +966 920014025 

37 

 

3- Polygons 
A polygon is a closed figure made by joining straight segments end to end. The corners are 
called vertices, and the sides are the segments themselves. A diagonal is a segment joining two 
non-adjacent vertices. 

 
Definition 3.1  
A polygon is  convex if a ll its  interior angles  are les s  than 180∘. If one of the 
interior angles  is  greater than 180∘, it is  concave. 
Thus , a  triangle is  a  3- s ided polygon, a  quadrilateral has  4 s ides , and s o on. 
Theorem 3.1 
The s um of the interior angles  of an 𝑛𝑛- s ided polygon is  (𝑛𝑛 − 2) × 180∘. 
Proof. Choos e any of the polygon vertices , and draw a ll of its  diagonals  from 
that vertex. 
 
This  divides  the polygon into (𝑛𝑛 − 2) triangles . Each triangle has  an angle s um of 180∘. So, the 
total angle s um is : 

(𝑛𝑛 − 2) × 180∘ 
Definition 3.2  

A polygon is  regular if a ll its  s ides  and all its  angles  are equal. 

Theorem 3.2 

Each interior angle of a  regular 𝑛𝑛- s ided polygon meas ures  

(𝑛𝑛 − 2) × 180∘

𝑛𝑛
. 
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Exercises: 

(1) Find the sum of interior angles  of a  polygons  with number of s ides : 
𝑎𝑎) 15  
𝑏𝑏) 16  
𝑐𝑐) 17  
 

(2) Find the measure of the interior angle of a  regular polygon of s ides : 

𝑎𝑎) 15  
𝑏𝑏) 16  
𝑐𝑐) 17  
 

(3) Find the sum of exterior angles  of a  regular polygon. 

Solution : The sum is  a lways  360𝑜𝑜 no matter how many s ides  we have. 
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4- Quadrilaterals 
 

Quadrilaterals  are polygons  with four s ides . They come in many “pers onalities .” 

 

Shape 

Parallelogram Rectangle Rhombus  Square 

  

 
 

Definition 

A quadrilateral with 
both pairs  of 
oppos ite s ides  
parallel. 

A parallelogram 
with one right 
angle; all angles  
are right 
angles . 

A parallelogram 
with all s ides  
equal. 

A rectangle 
with all s ides  
equal. 

Sides 
Oppos ite s ides  
equal. 

Oppos ite s ides  
equal. 

All s ides  equal. All s ides  equal. 

Angles 
Oppos ite angles  
equal. 

All angles  are 
right (90°). 

Oppos ite angles  
equal. 

All angles  are 
right (90°). 

Diagonals Bis ect each other. 
Equal and 
bis ect each 
other. 

Bis ect at right 
angles ; vertices -
connecting 
diagonal bis ects  
angles . 

Equal, bis ect 
each other, 
perpendicular, 
angle-
bis ecting. 

Area Bas e × height Length × width Bas e × height Side² 

Perimeter Sum of all s ides 
2 × (length + 
width) 

4 × s ide 4 × s ide 
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Definition 4.1  

A trapezoid (or trapezium) is  a  quadrilateral with at leas t one pair of parallel  

s ides .  

 

 

 

Definition 4.2  

If the non-parallel sides (the legs) are equal, the trapezoid is called isosceles.  
 

 

 

 

 

 

 

 

 

 

 

 

Theorem 4.1 

The area of a  trapezoid with bas es  𝑏𝑏1 and 𝑏𝑏2, and height ℎ, is  

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =
(𝑏𝑏1 + 𝑏𝑏2)

2
⋅ ℎ. 

or us ing the mid- s egment :    𝐴𝐴 = ℎ ⋅ 𝑚𝑚 
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Example: 
 

In the figure below: we have two lines  
𝐷𝐷𝐷𝐷,𝐵𝐵𝐵𝐵 inters ecting at point 𝐶𝐶, s uch that 
𝐸𝐸𝐸𝐸 is  perpendicular to 𝐷𝐷𝐷𝐷, and ∠𝐴𝐴𝐴𝐴𝐴𝐴 =
160∘, and ∠𝐻𝐻𝐻𝐻𝐻𝐻 = 110∘. Prove that 𝐴𝐴𝐴𝐴 ∥
𝐻𝐻𝐻𝐻. 

 

Solution:  

In the right triangle △ 𝐹𝐹𝐹𝐹𝐹𝐹 a t ∠𝐶𝐶, s ince ∠𝐶𝐶𝐶𝐶𝐶𝐶 = 30∘, 

∠𝐹𝐹𝐹𝐹𝐹𝐹 = 180∘ − (30∘ + 90∘) = 60∘ 
So by vertical angles , ∠𝐷𝐷𝐷𝐷𝐷𝐷 = 60∘. And s ince the s hape 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is  a  pentagon, then the s um of its  
interior angles  is : 

∠𝐴𝐴 + ∠𝐵𝐵 + ∠𝐶𝐶 + ∠𝐷𝐷 + ∠𝐻𝐻 180∘(𝑛𝑛 − 2)  180∘(5 − 2)  180∘ ⋅ 3  540∘  
Therefore, 

∠𝐻𝐻 540∘ − (110∘ + 160∘ + 60∘ + 140∘)  540∘ − 470∘ = 70∘  
And s ince ∠𝐻𝐻 + ∠𝐴𝐴 = 70∘ + 110∘ = 180∘ and both are internal angles  lying on the s ame s ide of 
the trans vers al 𝐴𝐴𝐴𝐴, then 𝐴𝐴𝐴𝐴 ∥ 𝐻𝐻𝐻𝐻. 

Example: 

 

In the figure: 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is  a  para llelogram where 𝐻𝐻 lies  on 
s ide 𝐵𝐵𝐵𝐵, and ∠𝐴𝐴 = 70∘, ∠𝐶𝐶𝐶𝐶𝐶𝐶 = 50∘. Find the meas ure 
of ∠𝐵𝐵𝐵𝐵𝐵𝐵. 

 
 

 

Solution:  

 Since 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is  a  parallelogram, then ∠𝐶𝐶 = ∠𝐴𝐴 = 70∘ (oppos ite angles  in a  parallelogram). And 
s ince ∠𝐷𝐷𝐷𝐷𝐷𝐷 lies  outs ide △𝐷𝐷𝐷𝐷𝐷𝐷, then 

∠𝐷𝐷𝐷𝐷𝐷𝐷 ∠𝐶𝐶 + ∠𝐶𝐶𝐶𝐶𝐶𝐶  50∘ + 70∘  120∘  
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Example: 

 

In the figure: 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is  a  quadrilateral with diagonals  
inters ecting at 𝑀𝑀, and 𝐴𝐴𝐴𝐴 ∥ 𝐶𝐶𝐶𝐶, ∠𝐴𝐴𝐴𝐴𝐴𝐴 = 58∘, ∠𝑀𝑀𝑀𝑀𝑀𝑀 = 32∘. 
Prove that 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is  a  parallelogram. 

 
 

Solution:  

 Since ∠𝐴𝐴𝐴𝐴𝐴𝐴 lies  outs ide triangle △ 𝐶𝐶𝐶𝐶𝐶𝐶, then ∠𝐴𝐴𝐴𝐴𝐴𝐴 = ∠𝑀𝑀𝑀𝑀𝑀𝑀 + ∠𝑀𝑀𝑀𝑀𝑀𝑀. Therefore, 

58∘ = 32∘ + ∠𝑀𝑀𝑀𝑀𝑀𝑀 ⟹ ∠𝑀𝑀𝑀𝑀𝑀𝑀 = 26∘ 
and ∠𝐶𝐶𝐶𝐶𝐶𝐶,∠𝑀𝑀𝑀𝑀𝑀𝑀 are alternate interior angles , s o 𝐴𝐴𝐴𝐴 ∥ 𝐵𝐵𝐵𝐵 and we already have from the given 
that 𝐴𝐴𝐴𝐴 ∥ 𝐶𝐶𝐶𝐶 which implies  𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is  a  para llelogram.  
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Exercises 
(1) In the figure: △ 𝐴𝐴𝐴𝐴𝐴𝐴, where ∠𝐵𝐵𝐵𝐵𝐵𝐵 = ∠𝐴𝐴𝐴𝐴𝐴𝐴 = 60∘ and 
∠𝐻𝐻𝐻𝐻𝐻𝐻 = 80∘ = ∠𝐵𝐵𝐵𝐵𝐵𝐵 = 75∘. Find the meas ure of ∠𝐻𝐻𝐻𝐻𝐻𝐻. 

 
 

 

(2) In American bas eball, the bas e is  s haped as  a  pentagon (as  s hown 
in the adjacent figure) cons is ting of three right angles  and two 
congruent angles . Find the meas ure of thes e two angles . 

 
 

 

(3) The s urface areas  of a  rhombus  and an is os celes  trapezoid are equal. If the s ide 
length of the rhombus  is  10 and the length of the mid- bas e of the trapezoid is  15, 
find the ratio between their heights . 
Note: The mid- bas e of a  trapezoid is  the s egment connecting the midpoints  of the 
non- parallel s ides . 

 

(4) A trapezoid with one of its  parallel bas es  equal to 3 times  the length of the other. 
If its  height equals  the length of its  mid- bas e and its  area is  100, find the lengths  of 
the two parallel bas es . 
 

 

(5) In the figure below: 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is  a  rectangle, and 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴,𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 are parallelograms . 
Prove that 𝐸𝐸𝐸𝐸 ∥ 𝐵𝐵𝐵𝐵. 
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5- Triangle Congruence 
If we draw two triangles , let's  s ay the s ide lengths  of the firs t are 4,5,7, and then we draw the 
s econd triangle us ing the exact s ame s ide lengths  on a trans parent s heet. 
Placing the trans parent s heet (which holds  the s econd triangle) directly over the s heet containing 
the firs t triangle, we would obs erve that the two triangles  perfectly coincide (s uperpos e). We 
would a ls o notice that all of the corres ponding angles  are equal in meas ure. 
This  phenomenon is  what we call triangle congruence. The example mentioned here illus trates  
one s pecific cas e of congruence, and we will now proceed to dis cus s  the cas es  of congruence in 
detail 

Cases of Triangle Congruence 

First Case: 
Two triangles  are congruent if two s ides  and the included angle of the firs t triangle are congruent 
(equal in meas ure) to the corres ponding two s ides  and the included angle of the s econd triangle. 
We will refer to this  cas e of congruence us ing the abbreviation 𝑆𝑆𝑆𝑆𝑆𝑆. (s ide- angle- s ide) 

 
In triangles  △ 𝐴𝐴𝐴𝐴𝐴𝐴,△𝐷𝐷𝐷𝐷𝐷𝐷, if: 

{𝐴𝐴𝐴𝐴 = 𝐷𝐷𝐷𝐷 𝐵𝐵𝐵𝐵 = 𝐹𝐹𝐹𝐹 ∠𝐵𝐵 ≅ ∠𝐹𝐹  
Then △ 𝐴𝐴𝐴𝐴𝐴𝐴 ≅△ 𝐷𝐷𝐷𝐷𝐷𝐷 (𝑆𝑆𝑆𝑆𝑆𝑆)  
And thus : 

{𝐴𝐴𝐴𝐴 = 𝐷𝐷𝐷𝐷 ∠𝐴𝐴 ≅ ∠𝐷𝐷 ∠𝐶𝐶 ≅ ∠𝐸𝐸  
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Second Case: 

Two triangles  are congruent if two angles  and the included s ide (the s ide connecting the vertices  
of the two angles ) in one triangle are congruent (equal in meas ure and length) to the 
corres ponding two angles  and included s ide in the other triangle. We will call this  𝑆𝑆𝑆𝑆𝑆𝑆. 

 
In triangles  𝐴𝐴𝐴𝐴𝐴𝐴,𝐷𝐷𝐷𝐷𝐷𝐷, if: 

{𝐶𝐶𝐶𝐶 = 𝐸𝐸𝐸𝐸 ∠𝐶𝐶 ≅ ∠𝐸𝐸 ∠𝐵𝐵 ≅ ∠𝐹𝐹  
Then △ 𝐴𝐴𝐴𝐴𝐴𝐴 ≅△ 𝐷𝐷𝐷𝐷𝐷𝐷(𝐴𝐴𝐴𝐴𝐴𝐴) 
Moreover, we get that: 

{𝐴𝐴𝐴𝐴 = 𝐷𝐷𝐷𝐷 𝐴𝐴𝐴𝐴 = 𝐷𝐷𝐷𝐷 ∠𝐴𝐴 ≅ ∠𝐷𝐷  
Third Case: 

Two triangles  are congruent if all three s ides  of the firs t triangle are congruent (equal in length) to 
the corres ponding three s ides  of the s econd triangle. We will refer to this  by 𝑆𝑆𝑆𝑆𝑆𝑆. 

 
In triangles 𝐴𝐴𝐴𝐴𝐴𝐴,𝐷𝐷𝐷𝐷𝐷𝐷, if: 

{𝐴𝐴𝐴𝐴 = 𝐷𝐷𝐷𝐷 𝐴𝐴𝐴𝐴 = 𝐷𝐷𝐷𝐷 𝐵𝐵𝐵𝐵 = 𝐸𝐸𝐸𝐸  
Then △ 𝐴𝐴𝐴𝐴𝐴𝐴 ≅△ 𝐷𝐷𝐷𝐷𝐷𝐷(𝑆𝑆𝑆𝑆𝑆𝑆).  
Moreover, we get that: 

{∠𝐴𝐴 ≅ ∠𝐷𝐷 ∠𝐶𝐶 ≅ ∠𝐸𝐸 ∠𝐵𝐵 ≅ ∠𝐹𝐹  
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Forth Case: 

Two right- angled triangles  are congruent if the hypotenus e and one leg (s ide forming the right 
angle) of the firs t triangle are congruent (equal in length) to the corres ponding hypotenus e and 
one leg of the s econd triangle. We will refer to this  by HL (Hypotenus e- Leg). 

 
In Triangles  𝐴𝐴𝐴𝐴𝐴𝐴,𝐷𝐷𝐷𝐷𝐷𝐷, If: 

{𝐴𝐴𝐴𝐴 = 𝐷𝐷𝐷𝐷 𝐶𝐶𝐶𝐶 = 𝐸𝐸𝐸𝐸 𝑚𝑚(∠𝐶𝐶) = 𝑚𝑚(∠𝐸𝐸) = 90°  
Then △ 𝐴𝐴𝐴𝐴𝐴𝐴 ≅△ 𝐷𝐷𝐷𝐷𝐷𝐷(𝐻𝐻𝐻𝐻),  
Moreover, we get that: 

{𝐴𝐴𝐴𝐴 = 𝐷𝐷𝐷𝐷 ∠𝐴𝐴 ≅ ∠𝐷𝐷 ∠𝐵𝐵 ≅ ∠𝐹𝐹  
 

Remarks: 
The two congruent sides in an isosceles triangle are called the legs. The third side, which is not 
congruent to the others, is called the base.  

 

Is os celes  Triangle Theorem: 

The bas e angles  of an is os celes  triangle are equal. And the oppos ite is  true, if two angles  of a  

triangle are equal, then the triangle is  is os celes . 
 

Conclus ions : 

● The angles  of an equilateral triangle are all equal, 

● And there meas ure is  60𝑜𝑜 degrees . 

● The angle bis ector of the vertex of an is os celes  triangle is  perpendicular to the bas e and 

als o bis ects  the bas e. 

● The triangle with equal angles  is  als o an equilateral triangle (has  equal s ides ). 
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Exercises: 
In the following figures , find (if it exis ts ) the triangle that is  congruent to ABC and s tate the 
pos tulate you us ed. 

(1) 

 

(2) 

 

(3) 

 
 

(4) 

 

(5) 

 

(6) 

 
 

(7) 

 

(8) 

 

(9) 

 
 

(10) 

 

(11) 

 

(12) 

 
 

(13) 

 

(14) 

 

(15) 
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Ц
Ц
Ц
Ц
Ц
Ц
Ц
Ц
Ц
Ц
Ц

 
 
(16) In the adjacent figure: if 𝐴𝐴𝐴𝐴 ≅ 𝐴𝐴𝐴𝐴, and 𝐵𝐵𝐵𝐵 ⊥ 𝐴𝐴𝐴𝐴,𝐶𝐶𝐶𝐶 ⊥ 𝐴𝐴𝐴𝐴, 
explain how you can prove that 𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥 ≅ 𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥 

Ц

 

   (17)  In the adjacent figure: 
if  𝐽𝐽𝐽𝐽 = 𝐷𝐷𝐷𝐷,𝐷𝐷𝐷𝐷 ⊥ 𝐷𝐷𝐷𝐷, 𝐽𝐽𝐽𝐽 ⊥ 𝐷𝐷𝐷𝐷 
prove that ∠𝐻𝐻 = ∠𝐾𝐾 

 

 (18) In the adjacent figure: if 𝐸𝐸𝐸𝐸 = 𝐷𝐷𝐷𝐷, ∠1 = ∠2 = ∠3, 
 prove that ∠4 ≅ ∠5 

    

  (19) In the adjacent figure: if 𝐹𝐹𝐹𝐹 =
𝐴𝐴𝐴𝐴, 𝑆𝑆𝑆𝑆 = 𝑆𝑆𝑆𝑆, and 𝑀𝑀 is the midpoint of 
𝑆𝑆𝑆𝑆, 𝑁𝑁 is the midpoint of 𝑆𝑆𝑆𝑆, prove that 
𝐴𝐴𝐴𝐴 = 𝐿𝐿𝐿𝐿. 

 

 

 
(20) In the triangle △𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴 = 𝐴𝐴𝐴𝐴, 
point 𝐷𝐷lies on 𝐴𝐴𝐴𝐴, and point 𝐸𝐸 lies on the 
extension of 𝐴𝐴𝐴𝐴 such that  𝐵𝐵𝐵𝐵 = 𝐶𝐶𝐶𝐶. If 𝐷𝐷𝐷𝐷 
intersects 𝐵𝐵𝐵𝐵 at 𝐺𝐺, prove that 𝐷𝐷𝐷𝐷 = 𝐺𝐺𝐺𝐺. 
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 Third Unit: Number Theory  
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Divisibility and Prime Factorization  
Summary: This  file is  an introductory guide to the bas ic concepts  of integer divis ibility and prime 

factorization. We will review a s et of practica l divis ibility rules , define prime and compos ite 

numbers , and es tablis h the mos t important theorem in number theory: The Fundamenta l 

Theorem of Arithmetic. Finally, we will apply thes e concepts  to s how how factorization is  a  

powerful tool for s implifying complex mathematical expres s ions . 

1-  Divisibility Rules  

Before diving into factorization, it's  us eful to have a s et of rules  to quickly determine if a  number 

is  divis ible by another. Formally, we s ay that an integer a  divides  an integer b, written as  a ∣b, if 

there is  an integer k s uch that b=ak. 

Divisibility by  2: A number is  divis ible by 2 if its  las t digit is  even (0, 2, 4, 6, or 8). Example: 

The number 538 is  divis ible by 2 becaus e its  las t digit is  8. 

Divisibility by 3:  A number is  divis ible by 3 if the s um of its  digits  is  divis ible by 3. 

Example: The number 741 is  divis ible by 3 becaus e the s um of its  digits  is  12 (7+4+1=12), 

and 12 is  divis ible by 3. 

● Divisibility by 4 : A number is  divis ible by 4 if the number formed by its  las t two digits  is  

divis ible by 4. 

Example: The number 1,824 is  divis ible by 4 becaus e the number 24 is  divis ible by 4. 

● Divisibility by 5 : A number is  divis ible by 5 if its  las t digit is  0 or 5.  

Example: The number 9,875 is  divis ible by 5 becaus e its  las t digit is  5. 

● Divisibility by 6 : A number is  divis ible by 6 if it is  divis ible by both 2 and 3. Example: The 

number 432 is  divis ible by 6 becaus e it is  divis ible by 2 (las t digit is  2) and by 3 (s um of 

digits  is  9). 

● Divisibility by 9 : A number is  divis ible by 9 if the s um of its  digits  is  divis ible by 9. 

Example: The number 2,853 is  divis ible by 9 becaus e the s um of its  digits  is  18, and 18 is  

divis ible by 9.  
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● Divisibility by 10 : A number is  divis ible by 10 if its  las t digit is  0. 

Example: The number 12,340 is  divis ible by 10. 

● Divisibility by 11 : A number is  divis ible by 11 if the alternating s um (odd- placed digits  
minus  even- placed digits ) of its  digits  is  divis ible by 11.  
 

Example: Let's  take the number 54,384. The alternating s um is  5 − 4 + 3 − 8 + 4 = 0. Since 
0 is  divis ible by 11, the number 54,384 is  divis ible by 11. 

Example question: You have three numbers . Each one is  divis ible by one of the following 

numbers : 7, 9, or 11. Match each number with its  correct divis or. The numbers are: 

● 819,045 

● 792,143 

● 16,926 

Solution: To s olve this  problem, we will apply the divis ibility rules  to each number to identify the 

correct divis or. 

1. Testing the number 819,045,  we will s tart by tes ting for divis ibility by 9 becaus e it is  the 

eas ies t. Rule for divisibility by 9:  A number is  divis ible by 9 if the s um of its  digits  is  

divis ible by 9. Sum of the digits  of 819,045:  

8 + 1 + 9 + 0 + 4 + 5 = 27.  

Since 27 is  divis ible by 9, the number 819,045 is  divis ible by 9. Therefore, the number 

819,045 is  divis ible by 9. 

2. Testing the number 792,143.  This  number looks  complicated, s o the divis ibility rule for 11 

is  a  good candidate to tes t. Rule for divisibility by 11:  A number is  divis ible by 11 if the 

alternating s um of its  digits  is  divis ible by 11. Application:  Let's  ca lculate the alternating 

s um of the digits  of 792,143 (s tarting from the right with s ubtraction, then addition): 

3−4+1−2+9−7=−1+1−2+9−7=0−2+9−7=−2+2=0. Result: Since 0 is  divis ible by 11, the number 

792,143 is  divis ible by 11. Therefore, the number 792,143 is  divis ible by 11. 

3. The number 16,926, s ince we have found the numbers  divis ible by 9 and 11, it is  logical 

that this  number mus t be the one divis ible by 7. 

  



 

  
@mawhiba | mawhiba.sa 

P.O.Box 700 Riyadh 11421 
Kingdom of Saudi Arabia Tel: +966 920014025 

52 

 
2-  Prime Numbers 

All integers  greater than 1 are either prime numbers  or are compos ite, made up of a  product of 

prime numbers . 

● Definition (Prime Number): A prime number is  an integer greater than 1 whos e only 

pos itive divis ors  are 1 and its elf. Examples  of prime numbers : (2, 3, 5, 7, 11, 47, 97). 

● Definition (Compos ite Number): A compos ite number is  an integer greater than 1 that is  

not prime. Examples  of compos ite numbers : (4, 9, 15, 27, 180, 588). 

The Fundamental Theorem of Arithmetic: Every integer greater than 1 is  either a  prime number or 

can be repres ented as  a  product of prime numbers , and this  representation is  unique, except for 

the order of the factors . 

 

3-  Methods of Prime Factorization  

Factor Tree Method Example (Factoring the number 180):  

● We break down the number 180 until we reach its  prime factors . Note that 180 is  the 

product of 10 and 18.  

● We break down 18 into 9 and 2, and 10 into 2 and 5. 

●  We break down 9 into 3 and 3.  

● Thus , the factorization of 180 is  the product of the 

prime numbers  22 × 32 × 5.  
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Repeated Division Method Example (Factoring the number 588):   
 

We divide the number by the s malles t prime that divides  it until we reach 1. Then we count the 

divis ors .  

588 ÷ 2 = 294 
294 ÷ 2 = 147 
147 ÷ 3 = 49 

49 ÷ 7 = 7 
7 ÷ 7 = 1 

So, 

588 = 22 × 3 × 72 

It is sometimes easier to look at it in this way 
(column factorization )): 

2 588 

2 294 

3 147 

7 49 

7 7 
 

1 
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4- How Factorization Simplifies Calculations  

The true power of factorization lies  in its  ability to reveal the internal s tructure of numbers , 

enabling us  to s implify s eemingly complex arithmetic operations  like divis ion, addition, and 

s ubtraction. 

● Simplifying Division (Fractions)  When dividing two large numbers  (or s implifying a 

fraction), finding their common factors  is  the ideal method. 

 Example (Simplify the fraction):    

396
924

 

We factor the numerator and the denominator us ing one of the methods  to get:  

396 = 22 × 32 × 11, 924 = 22 × 3 × 7 × 11 

So, when dividing the two numbers , we can cancel out the common prime factors  to get:  

396
924

=
22 × 32 × 11

22 × 3 × 7 × 11
=

22

22
×

32

3
×

1
7

×
11
11

=
3
7
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Exercises: 
 

(1) What is  the res ult of the calculation (20 + 18) ÷ (20 − 18)?  

(𝐴𝐴)18        (𝐵𝐵) 19         (𝐶𝐶) 20         (𝐷𝐷) 34         (𝐸𝐸) 36  
 

(2) Which of the following numbers  is  clos es t to the res ult of the operation 
17×0.3×20.16

999
  

?  

(𝐴𝐴) 0.01         (𝐵𝐵) 0.1         (𝐶𝐶) 1         (𝐷𝐷) 10         (𝐸𝐸) 100  
 

 

(3) Mustafa knows that 1111×1111=1234321. What result does he get when calculating  

(𝐴𝐴) 3456543         (𝐵𝐵) 2345432         (𝐶𝐶) 2234322         (𝐷𝐷) 2468642         (𝐸𝐸) 4321234 
 

 

(4) What number mus t replace the s tar (⋆) to make the following equation true: 
2⋅18⋅14=6⋅⋆⋅7?  

(𝐴𝐴) 8         (𝐵𝐵) 9         (𝐶𝐶) 10         (𝐷𝐷) 12         (𝐸𝐸) 15 
 

(5) Which of the following s tatements  is  correct?  

(𝐴𝐴)
4
1

 = 1.4         (𝐵𝐵)
5
2

 = 2.5         (𝐶𝐶)
6
3

= 3.6          (𝐷𝐷)
7
4

= 4.7         (𝐸𝐸)
8
5

= 5.8 
 

(6) The s um of 5 cons ecutive integers  is  102018. What is  the middle number among them?  
(𝐴𝐴)102013         (𝐵𝐵)52017         (𝐶𝐶)102017         (𝐷𝐷)22018         (𝐸𝐸) 2 ⋅ 102017 

 

(7) Which of the following fractions  is  s maller than 2?  

(𝐴𝐴)
19
8

          (𝐵𝐵)
20
9

         (𝐶𝐶)
21
10

         (𝐷𝐷)
22
11

         (𝐸𝐸)
23
12

 
 

(8) 2016 hours  is  how many weeks ?  
(𝐴𝐴) 6         (𝐵𝐵) 8         (𝐶𝐶) 10         (𝐷𝐷) 12         (𝐸𝐸) 16 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

(10) Hamza has  20 Riyals , and each of his  four brothers  has  10 Riyals . How much mus t 
Hamza give to each brother s o that everyone has  the s ame amount of money? 

(𝐴𝐴) 2         (𝐵𝐵) 4         (𝐶𝐶) 5         (𝐷𝐷) 8         (𝐸𝐸) 10 
 

(9) What is  the s um of 25% of 1448 and 1448% of 25?  
(𝐴𝐴) 724         (𝐵𝐵) 1448         (𝐶𝐶) 2025        (𝐷𝐷) 3024         (𝐸𝐸) 5042 
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(11) One- s ixth of the audience in a  children's  theater are adults , the res t are children. Two-

fifths  (2
5
) of the children are girls . What fraction of the total audience are boys ?  

(𝐴𝐴)
1
2

         (𝐵𝐵)
1
3

         (𝐶𝐶)
1
4

         (𝐷𝐷)
1
5

         (𝐸𝐸)
2
5

 
 

(12) Four cous ins  are 3, 8, 12, and 14 years  old. Fatima is  younger than Kholoud. The s um 
of Salwa 's  and Fatima 's  ages  is  divis ible by 5, and s o is  the s um of Salwa's  and Kholoud's  
ages . What is  the age of Inas  (the fourth cous in)?  

(𝐴𝐴)14         (𝐵𝐵)12         (𝐶𝐶)8         (𝐷𝐷)3          (𝐸𝐸)1448 
 

(13) If you multiply the three digits  of a  three- digit number, you get 135. What res ult do you 
get by adding thes e three digits ?  

(𝐴𝐴) 14         (𝐵𝐵) 15         (𝐶𝐶) 16         (𝐷𝐷) 17         (𝐸𝐸) 18  
 

(14) A rectangle has  an area of 12 cm². The lengths  of its  s ides  are natural numbers . Which 
perimeter could the rectangle have? 

 (𝐴𝐴) 20 𝑐𝑐𝑐𝑐         (𝐵𝐵) 26 𝑐𝑐𝑐𝑐         (𝐶𝐶) 28 𝑐𝑐𝑐𝑐         (𝐷𝐷) 32 𝑐𝑐𝑐𝑐         (𝐸𝐸) 48 𝑐𝑐𝑐𝑐  
 

 

(15) Razan writes  down three prime numbers  that are all les s  than 100. She only us es  the 
digits  1, 2, 3, 4, and 5, and in fact, s he us es  each digit exactly once. Which of the following 
prime numbers  did Razan definitely write down? 

 (𝐴𝐴) 2         (𝐵𝐵) 5         (𝐶𝐶) 31         (𝐷𝐷) 41         (𝐸𝐸) 53  
 

 

(16) How many times does the summand 14482 appear under the root, if the following 
statement is correct?  

�14482 + 14482 + ⋯+ 14482 = 144810 
(𝐴𝐴)5         (𝐵𝐵)8         (𝐶𝐶)18         (𝐷𝐷)14488         (𝐸𝐸)144818 
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(17) The following table is  the multiplication table of the numbers  1 
to 10. What is  the s um of all 100 products  in the complete table? 

 
 (𝐴𝐴) 1000         (𝐵𝐵) 2025         (𝐶𝐶) 2500         (𝐷𝐷) 3025         (𝐸𝐸) 5500  

 

(18) Ahmed writes  three s ingle- digit numbers  on the board. Saud adds  them and gets  15. 

Then he deletes  one of the three numbers  and replaces  it with the number 3. Ahmed 

multiplies  thes e three new numbers  and gets  36. What are the numbers  that Saud could 

have deleted?  

(𝐴𝐴) 6 𝑜𝑜𝑜𝑜 7         (𝐵𝐵) 7 𝑜𝑜𝑜𝑜 8         (𝐶𝐶) 6         (𝐷𝐷) 7         (𝐸𝐸) 8  

  



 

  
@mawhiba | mawhiba.sa 

P.O.Box 700 Riyadh 11421 
Kingdom of Saudi Arabia Tel: +966 920014025 

58 

 
 
 

 
 
 

Forth Unit: Combinatorics  
 

 

 

 

 

 

 

 

 

 

  



 

  
@mawhiba | mawhiba.sa 

P.O.Box 700 Riyadh 11421 
Kingdom of Saudi Arabia Tel: +966 920014025 

59 

 
The mathematics of counting. Combinatorics  

First: Counting using Venn Diagrams 

Venn Diagrams  are us ed to s olve counting problems  involving overlapping types  in adjectives . 

Types  are us ually repres ented by overlapping circles , each of which has  a  number repres enting 

the number of elements  of that type as  s hown in the figure: 

 
 

𝑎𝑎 Achieves only the property 𝑌𝑌 
𝑐𝑐 Achieves only the property 𝑋𝑋 

𝑏𝑏 Achieves both properties 𝑋𝑋 𝑎𝑎𝑎𝑎𝑎𝑎 𝑌𝑌 together 

𝑑𝑑 does not achieve the property 𝑋𝑋 and does not achieve the property 𝑌𝑌 (does not achieve nor 

property 𝑋𝑋 or 𝑌𝑌 ) 

Example:  

The following figure represents the numbers of studen ts in a school who prefer a math class and 

who prefer a science class.  

a) How many students prefer math? .......... 

b) How many students prefer science or math? .......... 

c) How many students prefer science and math together? ..........  

d) How many students prefer science only? .......... 

e) How many students do not prefer science? .......... 

f) How many students does the school have? .......... 

Solution 

a) 18 + 34 = 52 
b) 29 + 18 + 34 = 81 
c) 18 
d) 29 
e) 18 + 34 + 20 = 72 
f) 18 + 34 + 29 + 20 = 101 
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Exercises 

(1) In one of our gifted clas s es , 35  s tudents  were offered to learn a foreign language, 
namely Englis h and French. 15 s tudents  Choose an Englis h language, and 5 s tudents  
choos e both languages . If we knew that any s tudent chos e to learn at leas t one of the two 
languages , how many s tudents  chos e to learn only French? 

 

(2) 40  People went on a trip, 18 of them prefer chees e pie and 15 of them prefer labneh pie, 
while 12 of them don't prefer either chees e or labneh. How many s tudents  prefer the two 

types together? 
 

(3) A poll was conducted for a 50 students at a school to find out what type of sport they 
prefer, and the result was that 33 of them prefer soccer, 24 prefer basketball, and 11 prefer 
both. How many students don't prefer either two games?  

 

(4) The figure shows the distribution of 60 students in a school, according to their 
preference for three types of pies. How many students prefer labneh?  

 
 

(5) A factory manager conducted liked all three products from the factory, and found that 
38 persons liked product A, 36 liked product  B, 39 liked product C, 24  liked both products A 
and B, 20 liked both products  C and  A, 18 liked both products B and C, and finally 9 people 
liked  all three products. How many people have liked only product C? 
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Second: Counting a list of numbers  

It is  eas y to count numbers  in the lis t 1,2,3,4, . . . ,50 and therefore it is  called a s imple lis t, hence it 

can be s aid that the lis t of numbers  is  s imple if you meet the following conditions : 

1-  Starts  with the number 1 2-  has  Cons ecutive contiguous  numbers  

Example:  

How many numbers  are in the lis t 3,6,9, . . . ,327 

Solution:  

The lis t is  not s imple, but it can be converted into a  s imple lis t by dividing all the numbers  in the 

lis t by 3 

 3,6,9, . . . ,327 ÷ 3 

Simple lis t 1,2,3, . . . ,109  

s o, the number of numbers  is  equal to 109 
 

Example: How many numbers  are in the lis t 23,28,33, . . . ,548 

Solution:  The lis t is  not s imple but can be converted into a  s imple lis t with the following s teps  

 23,28,33, . . . ,548 −3 

 20,25,30, . . . ,545 ÷ 5 

 4,5,6, . . . ,109 −3 

Simple lis t 1,2,3, . . . ,106  

So, the number of numbers  is  equal to 106 

Some lists can be converted to a simple list by performing an operation on all numbers in them, 
because operations on all numbers produce a list with the same number of numbers.   
And we will s ee how to do that in the following exercis es   
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Exercises 
 

(6) How many numbers  are in the following lis t  1,2,3, . . . ,1440 ? 

 

(7) How many numbers  are in the following lis t 8,9, . . . ,2019 ? 
 

(8) How many numbers  are in the following lis t  5,9,13, . . . ,505 ? 
 

(9) How many pos itive even numbers  are les s  than 2025 ? 
 

(10) How many numbers  are in the following lis t:  3
7

, 1, 11
7

, . . . ,289 ? 
 

(11) How many numbers  are there between  2023 , 63 s o that it is  a  multiple of 
the number 3 ? 

 

(12) How many pos itive integers  are les s  than 600 s o that it is  a  perfect 
square? 

 

(13) How many pos itive integers  are les s  than 1447 s o that it is  multiple of 
both numbers  3 and 5? 

 

(14) How many pos itive integers  are les s  than 2025 which are multiples  of the 

number 7 and not multiples  of the number 5? 

 

(15) How many pos itive integers  are les s  than 500 which are multiples  of the 
number 7 
 and not even? 

 
 

Third: The Basic Principles of Counting  

 Let's  s tart with this  very s imple example. 

Example:  
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Mohammed and Ali went to a  s ports wear s tore that s ells  four different 

types  of s hoes  and s even different types  of s ports  gloves . Mohammed has  enough money to buy 

one s hoe and one glove, and Ali has  enough money to buy only a s hoe or jus t a  glove. Ques tion: 

𝐴𝐴) In how many ways  can Mohammed buy a s hoe and a glove?  

Solution:   

4 ∙ 7 = 28 
𝐵𝐵) In how many ways  can Ali buy a s hoe or a  glove? 

solution:  4 + 7 = 11 

 

Many counting problems  us e one of thes e two principles  and are therefore called the two bas ic 

principles  of counting. Let's  get to know them and s ee creative ways  to apply them to counting 

problems . 
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3- 1 Multiplication Principle : 
If the event A occurs  in 𝑚𝑚 different ways  and the event B occurs  in 𝑛𝑛 different ways , and the 
two events  are independent, then the two events  can be done together in 𝑚𝑚 ∙ 𝑛𝑛 ways  

 
  Example:  
(1) How many ways  can we arrange different books  5 on a s helf? 
Solution:  

Firs t place Second place Third place Fourth place Fifth place 
5 ways  4 ways  3 ways  2 ways  1 ways  

 

When we choos e a book to put in the firs t place at the beginning of the s helf, we will have 5 ways  
becaus e we have 5 different books , and after we choos e a book from them and put it in the firs t 
place, we will have 4 ways  to choos e the book that we will put in the s econd place, becaus e the 
number of books  decreas ed after putting one of them in the firs t place, and in the s ame way we 
will calculate the number of ways  for each of the five places  and then we us e the multiplication 
principle to find the number of ways  of ordering, s o the number of ways  = and this  is  equal to a  
method5 × 4 × 3 × 2 × 1 = 120 
 

(2) How many ways  can we choos e different cards  in color and different in value (the number 
written on them), if we have 52 a  card divided into 4 colors , and the cards  of each color are 
numbered in numbers  from 1 to 13? 
Solution:  We need to choos e a card of each color with a  different number than the other color 
card 
Firs t Color s econd color third color Fourth Color 

13 12 11 10 
We have 13 ways  to choos e a card of the firs t color, and when choos ing a card of the s econd 
color, we mus t exclude the card that has  the s ame number on the firs t card, s o the number of 
ways  will decreas e and become 12 ways , and in the s ame way we have 11 ways  to choos e the 
third color card and 10 ways  to choos e the fourth color card, then we us e the multiplication 
principle to find the number of ways , s o the number of ways  = 13 × 12 × 11 × 10 
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Exercises  

(16) There are three villages  𝐴𝐴,𝐵𝐵,𝐶𝐶 in the country. You can 
move from village 𝐴𝐴 to village 𝐵𝐵 by 6 ways , and you can get from 
village 𝐵𝐵  to  village 𝐶𝐶 by four ways , as  s hown in the figure. How 
many ways  can you get from 𝐴𝐴 to 𝐶𝐶?  

 
 

(17) How many three- digit natural numbers  are there? 
 

(18) How many ways  can 5 s tudents  be arranged in a  clas s  s o that they are s elected from 
8 s tudents ? 

 

(19) How many ways  can you enter a  complex from one door and exit through another if 

you know that the complex has  ten doors ? 

 

(20) We want to arrange 4 daughters  and 5 mothers  in a  row on the condition that the girls  

 s tay next to each other, how many ways  can this  be done? 
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3- 2 Principle of Addition . 

 If event A occurs  in 𝑚𝑚 different ways  and event B occurs  in 𝑛𝑛 different ways , and the 
two events  are not s ubtracted, then event A or B will occur in 𝑚𝑚 + 𝑛𝑛 different ways . 

We us e this  principle if s olving a  ques tion requires  dividing the problem into s everal contradictory 
cas es , as  in the previous  example  
Example:  
If we have 5 different books  on a s helf. How many ways  can we arrange s ome (or all) books  in a  
package? The package may contain (only one book) or more 
Solution:  
 We have s everal cas es : 
The firs t cas e: The package cons is ts  of one book, s o the number of ways  =5  
The s econd cas e: The package cons is ts  of two books , s o the number of methods  
 = 5 × 4 = 20  
The third cas e: The package cons is ts  of three books , s o the number of methods  =5 × 4 × 3 = 60  
Fourth cas e: The package cons is ts  of four books , s o the number of ways  
 =5 × 4 × 3 × 2 = 120 
Fifth cas e: The package cons is ts  of five books , s o the number of methods  
 =5 × 4 × 3 × 2 × 1 = 120 
Us ing the principle of combining s tates , the number of ways  

= 5 + 20 + 60 + 120 + 120 = 325 
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Exercises 

(21) How many ways  can we choos e a pen or a  notebook from a s et of 10 different 
notebooks  and 7 different pens ? 

 

(22) Salma has  5 different types  of teacups , 3 different types  of s erving plates , and 4 
different types  of teaspoons . How many ways  can you choos e two things  of them? 

 

(23) In the firs t grade of primary s chool, there is  12 girls , names  of three of them s tart with 
the letter A. In how many ways  can 12 girls  be arranged in a  row provided that only one of 
the girls  s tarts  her name with the letter A? 

 

(24) The Talent School has  three clas s es , the firs t clas s  cons is ts  of 20 s tudents , the s econd 

clas s  cons is ts  of 13 s tudents , and the third clas s  cons is ts  of 8 s tudents . In how many ways  

can two s tudents  be selected from two different clas s es  to complete a  tas k together? 

 

(25) Traveling from city A to city B can be done by one of two land routes  or by one of three 

air routes , and traveling from city B to city C can be done by one of four land routes  or one 

of five air routes .  

a) How many ways  to travel from city A to city C through city B? 

b) How many ways  to travel from city A to city C through city B s o you us e two air 

routes ? 

c) How many ways  to travel from city A to city C through city B s o you us e two road 

routes ? 

d) How many ways  to travel from city A to city C through city B, s o that you us e one land 

route, one and one air route? 
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Solutions  
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Algebra Solutions 

Integers and Their Properties:  

Exercises: 
(1) 
𝑎𝑎) 5 
𝑏𝑏)  − 6 
𝑐𝑐) 32 
𝑑𝑑)  − 64 
𝑒𝑒) 25 
𝑓𝑓) 0 
𝑔𝑔) 32 
ℎ)  − 3 
𝑖𝑖) 2 
𝑗𝑗) 38 
𝑘𝑘) 6 
𝑚𝑚) − 4 
(2) 
𝑎𝑎) 𝑎𝑎7 
𝑏𝑏) 𝑥𝑥4 
𝑐𝑐)𝑎𝑎12 
𝑑𝑑) 𝑥𝑥26 
𝑒𝑒) 𝑎𝑎2 
𝑓𝑓) 1 
(3) 
𝑎𝑎)32 
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Challenge Problems: 

(1)  

−1 − (−1)1 − (−1)2 − (−1)3 − ⋯− (−1)99 − (−1)100 
= −1 
 

(2)  

1234 × 9999 
= 12338766 
 

(3)  

5{(2𝑎𝑎 − 3) − [7(4𝑎𝑎 − 1) − 20]} − (3− 8𝑎𝑎) 
= −122𝑎𝑎 + 117 
 

(4)  
The number of orbits completed by a satellite in one week equals the number of hours in a 
week divided by 7. 
= 24 

 
(5)  

           2 

(6)  

= 51 
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Rational Numbers ℚ  
Exercises: 
(1) 

𝑎𝑎) 
17
30

 

𝑏𝑏) 
1
6

 

𝑐𝑐) 
−1
6

 

𝑑𝑑) 
−1
10

 

𝑒𝑒) 
1

60
 

𝑓𝑓) 
1

90
 

𝑔𝑔) 
9

10
 

ℎ) 
−3
5

 

𝑖𝑖) 
−1
32

 

(2) 

𝑎𝑎) 0. 2� =
2
9

 

𝑏𝑏) 0. 37���� =
37
99

 

𝑐𝑐) 1.823���� =
361
198

 

(3) 
Yes , the claim is  correct. 

(4) 
Therefore, there are infinitely many rational numbers  between any two rational numbers . 

(5) 

−
1
3 ,Ц− 0.3,Ц− 0.23 
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Challenge Problems: 
(1) 
To begin, notice that: 

𝟏𝟏
𝟔𝟔 =

𝟓𝟓
𝟑𝟑𝟑𝟑Ц‼� █Ц

𝟏𝟏
𝟑𝟑 =

𝟏𝟏𝟏𝟏
𝟑𝟑𝟑𝟑 

 
Therefore, any fraction between them can be written in the form: 

𝒌𝒌
𝟑𝟑𝟑𝟑 

where 𝒌𝒌 is  an even number. 
If we let 𝒌𝒌 take the values  6 and 8, we obta in only two fractions . 
(2) 

𝟏𝟏𝟏𝟏 
(3) 

Haitham has  covered 𝟒𝟒
𝟓𝟓
 of his  journey. 

 
(4) 
9

10 
 
(5) 
1

80 
 
(6) 

4 𝑏𝑏 7 𝑐𝑐 𝑑𝑑 𝑒𝑒      7  𝐴𝐴 

𝒃𝒃 = 𝟗𝟗. 
𝒄𝒄 = 𝟒𝟒. 
𝒅𝒅 = 𝟗𝟗 and 𝒆𝒆 = 𝟕𝟕. 
𝑨𝑨 = 𝟗𝟗. 

(7) 
𝟓𝟓𝟓𝟓 years. 
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(8) 
the correct table  is  as  follows : 

Team Played Won Drawn Lost Goals For Goals Against 
A 2 1 1 0 5 3 
B 1 0 0 1 1 3 
C 1 0 1 0 2 2 
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Linear Equations in One Variable: 
Exercises: 
(1) 
𝑎𝑎) 𝑥𝑥 = 1                                                       𝑏𝑏) 𝑥𝑥 = 11                                      𝑐𝑐) 𝑥𝑥 = 7 
𝑑𝑑)𝑥𝑥 = 18                                                     𝑒𝑒) 𝑥𝑥 = 10                                      𝑓𝑓) 𝑥𝑥 = 5 
𝑔𝑔) 𝑥𝑥 = 8 

(2) 
𝑥𝑥 = 1 
(3) 
𝑥𝑥 = 3 
Word Problems  Solved Us ing Linear Equations : 
(1) 

𝑥𝑥 = 800 
(2) 
14. 
 
(3) 
the smaller number is  28. 
(4) 
2000 riyals . 
 

(5) 
40000ЦЅŦƏ‼ǼЏμ 
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Challenge Problems: 
(1) 
60 meters . 
(2) 

30: 25 = 6: 5 
 
 
 

(3) 
33ЦƏ◘‼ЅЏμ 

 
(4) 
24 oranges in the basket. 
 
(5) 
11 
 
(6) 
less than 10,000 . 
 
(7) 
 

20042401  is  odd. 

(8) 
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(9) 

 
(10) 
16 liters  of milk.  
(11) 
To ensure that there is  no white s trip of s ize 1 × 6, no row or column should be 
completely white. 
By placing black squares  as  shown in the grid, 
we a lso make sure that there is  no white square block of s ize 3 × 3 a fter coloring. 
One pos s ible solution is  shown below: 
 
 
  
(12) 
750. 
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Geometry Solutions 
Points, Lines, and Angles 
Exercises 

(1) 
𝑎𝑎) ∠1 ≅ ∠4 ⟹ 𝑅𝑅𝑅𝑅||𝐴𝐴𝐴𝐴.    
𝑏𝑏) 𝑚𝑚∠2 ≅ 𝑚𝑚∠10 ⟹ no parallel lines needed 
 𝑑𝑑) ∠5 ≅ ∠7 ⟹ no parallel lines needed   
𝑑𝑑) ∠5 ≅ ∠8 ⟹ 𝐴𝐴𝐴𝐴||𝑁𝑁𝑁𝑁.   
𝑒𝑒) 𝑚𝑚∠6 = 𝑚𝑚∠9 = 90° ⟹ 𝐴𝐴𝐴𝐴||𝑁𝑁𝑁𝑁.  
𝑓𝑓) 𝑚𝑚∠6 = 𝑚𝑚∠3 = 90° ⟹  no parallel lines needed    
𝑔𝑔) 𝑚𝑚∠7 = 𝑚𝑚∠10 = 𝑚𝑚∠1 ⟹ 𝑅𝑅𝑅𝑅||𝐴𝐴𝐴𝐴 ,𝑅𝑅𝑅𝑅||𝑂𝑂𝑂𝑂 
 

(2) 
 
𝑁𝑁𝑁𝑁 ∥ 𝑋𝑋𝑋𝑋 
𝐹𝐹𝐹𝐹 ∥ 𝐴𝐴𝐴𝐴 
𝐷𝐷𝐷𝐷 ∥ 𝐴𝐴𝐴𝐴 
 
 
 
 
 
 
 (3) 
a) 𝑥𝑥 = 60° 
b) 𝑥𝑥 = 60°       , 𝑦𝑦 = 61° 

(4) 
∠𝐵𝐵𝐵𝐵𝐵𝐵 = 50° 
∠𝐷𝐷𝐷𝐷𝐷𝐷 = 50° 
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(5) 
∠𝑑𝑑 = 60° 
 
(6) 
∠𝑇𝑇𝑇𝑇𝑇𝑇 = 80° 
 
 
 
 
 
(7) 
 
 
 ∠𝐶𝐶𝐶𝐶𝐶𝐶 = 90° 
 
 
 
(8) 
 
∠𝐻𝐻𝐻𝐻𝐻𝐻 = 60° 
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Triangles:  
Exercises: 
(1) 
𝑎𝑎) 𝑚𝑚∠6 = 100° 
𝑏𝑏) 𝑚𝑚∠5 = 115° 
𝑐𝑐) 𝑚𝑚∠4 = 115° 
𝑑𝑑) 𝑚𝑚∠3 = 75° 
𝑒𝑒) 𝑚𝑚∠3 = 80° 
𝑓𝑓) 𝑚𝑚∠4 + 𝑚𝑚∠5 + 𝑚𝑚∠6 = 360° 
(л) 
= 70° 
(Я) 
𝑥𝑥 = 45° 
(ģ) 
𝑥𝑥 = 100° 
(ĕ ) 
𝑥𝑥 = 100° 
(П) 
 
∠𝑄𝑄𝑄𝑄𝑄𝑄 = 100° 
(И) 
 
𝑥𝑥 = 32° 
 
 
 
 
(♣) 
∠𝑄𝑄𝑄𝑄𝑄𝑄 = 125° 
(Ί ) 
 
∠𝐵𝐵𝐵𝐵𝐵𝐵 = 90° 
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(Τ﮷ ) 
∠𝐴𝐴 = 60° 
 
 
 
 
(ΤΤ) 
𝑥𝑥 = 110° 
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Quadrilaterals:  
Exercises: 

(1) 
 
∠𝐻𝐻𝐻𝐻𝐻𝐻 = 110° 
 
 

(л) 
135° 
 
 
(Я) 
2
3

 

 
 
 
(ģ) 
3𝑥𝑥 = 15 
 
 
 
 
 

 (ĕ ) 
  Watch the explanation videos  on the webs ite to make s ure your s olution is  correct. 
 

 
Ц 
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Triangle Congruence: 
Exercise solutions:  

Exercise 1: 
Watch the explanation videos  on the webs ite to make s ure your s olution is  correct. 
   

 (1- 15) 
 

Triangle 
Congruence 

type 
Ex. No.  Triangle 

Congruence 
type 

Ex. No. 

None None 8  𝑁𝑁𝑁𝑁𝑁𝑁 𝐴𝐴. 𝑆𝑆.𝐴𝐴 1 

𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴. 𝑆𝑆.𝐴𝐴 9  None  None  2 

𝐶𝐶𝐶𝐶𝐶𝐶 𝐴𝐴. 𝑆𝑆.𝐴𝐴 10  𝐶𝐶𝐶𝐶𝐶𝐶 𝑆𝑆. 𝑆𝑆. 𝑆𝑆 3 

𝑃𝑃𝑃𝑃𝑃𝑃 𝐴𝐴. 𝑆𝑆.𝐴𝐴 11  None None 4 
None None 12  None None 5 
None None 13  None None 6 

𝐶𝐶𝐶𝐶𝐶𝐶 𝑆𝑆.𝐴𝐴. 𝑆𝑆 14  𝑃𝑃𝑃𝑃𝑃𝑃 𝑆𝑆.𝐴𝐴. 𝑆𝑆 7 

𝑀𝑀𝑀𝑀𝑀𝑀 𝐴𝐴. 𝑆𝑆.𝐴𝐴 15     

 

(ΤП) 
Watch the explanation videos on the website to make sure your solution is 
correct.   
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(ΤИ) 
  

Watch the explanation videos  on the webs ite to make sure 
your solution is  correct. 
 

(Τ♣) 
 Watch the explanation videos  on the webs ite to make s ure your s olution is  correct. 
 
 
 
. 

(ΤΊ ) 
Watch the explanation videos  on the webs ite to make s ure your s olution is  correct. 
 
 

(л﮷ ) 
 
Watch the explanation videos  on the webs ite to make s ure your s olution 
is  correct. 
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Number Theory Solutions 

 

(1) 

19 

 (л) 

0.1 

 (Я) 

2468642. 

 

 (ģ) 

12. 

(ĕ ) 

The correct ans wer is  2.5. 

 (П) 

The correct ans wer is   2 ⋅ 102017. 

 (И) 

The correct ans wer is  23
12

. 

(♣) 
The correct ans wer is  12. 

(Ί ) 
The correct ans wer is  724. 

(Τ﮷ ) 
 The correct ans wer is  2. 

(ΤΤ) 

The correct ans wer is  1
2
. 
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(Τл) 
The correct ans wer is  14. 

(ΤЯ) 
The correct ans wer is  17. 

(Τģ) 

The correct ans wer is  26 cm. 

(Τĕ ) 
The correct ans wer is  41. 

(ΤП) 
The correct ans wer is   144818. 

 (ΤИ) 
The correct ans wer is  3025. 

(Τ♣) 
The correct ans wer is  7 or 8. 
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Combinatorics  Solutions 

Counting using Venn forms  
Exercises: 
(1) 

Number of people who choos e to learn  
French =35 − 15 = 20 
 
 
 
 

(2) 

  
5 
 
 
 
 

 

(3) 

5 

 

 

 

 
(4) 

 

18 

 

 

 
 

 

Englis
h 

Frenc
h 

10 5 20 

chees
e 

Labne
h 

13 5 10 

12 

Footba
ll 

Basketbal

22 11 13 

4 

Cheese Labneh 

16 4 8 

15 

1 
4 

2 

10 
Za'atar 
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(5) 

 
10 

  

A B 

3 15 3 

10 

11 
9 

9 

C 
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Counting a list of numbers  
(6) 

A s imple lis t with 1440 numbers  
(7) 

A s imple lis t with 2012 numbers  

(8) 

A s imple lis t with 126 numbers  
(9) 

A s imple lis t with 1012 numbers  

(10) 

A s imple lis t with 506 numbers  

(11) 

A s imple lis t with 653 numbers  

 

(12) 

A s imple lis t with 24 numbers  

 

(13)  

 
96 

(14) 

232 

 
(15) 

36 
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The Basic Principles of Counting 1 

(16) 

24 
(ΤИ) 

900 
(Τ♣) 

6720 
(ΤΊ ) 

The Basic Principles of Counting 2 

(л﮷ ) 

17280 
(21) 

17 

(22) 

47 

(лЯ) 

6048 

(лģ) 

524 

(лĕ ) 

𝑎𝑎) 45 

𝑏𝑏) 15 

𝑐𝑐) 8 

𝑑𝑑) 22 


